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O ■ Abstract 
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^ | We show how the tree level unitarity violations of compactified extra dimensional 

O-e extensions of the Standard Model become much stronger when the scalar sector 

. is included in the bulk. This effect occurs when the couplings are not suppressed 

for larger Kaluza-Klein levels, and could have relevant consequences for the phe- 
nomenology of the next generation of colliders. We also introduce a simple and 
. generic formalism to obtain unitarity bounds for finite energies, taking into account 

£> ' coupled channels including the towers of Kaluza-Klein excitations. 
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The presence of extra compact dimensions is a common feature of the unification of gravity 
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with strong and electroweak interactions. Recent theories include realizations where the 
Standard Model (SM) interactions feel some of these compact extra dimensions whose 
scales are in the TeV range [1]. After dimensional reduction to four dimensions these 
models contain towers of Kaluza-Klein (KK) excitations of the gluon, of the W, Z, of the 
photon and possibly of the Higgs and of the fermions with masses in the TeV range. This 
makes these models testable at present and planned accelerators. Lower bounds from the 
electroweak precision data on the compactification scale of these models, when fermions 
are localized on the brane or in different points of the bulk, are in the range of 2-5 TeV [2] . 
These bounds become much weaker when all particles live in the bulk, known as universal 
extra dimensions models [3, 4]. 

In general in higher dimensional theories one expects a violation of tree level unitarity 
at high energies. Therefore an explicit estimate of the unitarity bounds of the theory is 
important to understand the validity of tree level calculations. Recently the tree-level 
unitarity of unbroken five dimensional (5D) Yang Mills theories has been shown to hold 
at low energy [5], proving some cancellations among contributions of KK excitations of 
different levels. Furthermore a theorem analogous to the standard Equivalence Theorem 
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(ET) [6, 7], that relates at high energies the longitudinal components of gauge bosons 
to their associated Goldstone bosons (GB), was also demonstrated. In the unbroken ex- 
tra dimensional Yang Mills case, what has been shown is the equivalence of longitudinal 
KK gauge bosons V^/ % and their corresponding components of the 5D gauge fields. 
The equivalence theorem has been shown to hold also in the case of spontaneously bro- 
ken 5D extensions of the SM [8]. In such a case, the ET has allowed to calculate the 
^L(m)^L(n) ~^ ^L(p)^L(q) scattering amplitudes and show that the partial wave unitar- 
ity limit on the mass of the Higgs receives only very tiny corrections from the pure Kaluza 
Klein gauge sector. 

In this work we will see, however, that the tree level unitarity bounds on the Higgs 
mass, can be drastically modified due to the interactions with the KK modes of the 
scalar sector when the scalar interactions are not sufficiently suppressed for each KK 
level. In section 2, we revisit the unitarity constraints in the coupled channel partial wave 
formalism, providing a simple generalization of the most familiar unitarity bound. Next 
we introduce in section 3 the 5D SM with a Higgs field in the bulk that will be used in 
section 4 to illustrate the use of this bound in a simple case. In section 5 we discuss the 
effect of adding more extra dimensions. 

2 Unitarity bounds with coupled channels 

Let us show how to obtain unitarity bounds from scattering amplitudes when many dif- 
ferent two particle states are accessible. As it is well known [9], the S matrix unitarity 
relation SS^ = 1 translates into simple relations for the elements of the T matrix T a/3 , 
where a, (3, ... denote the different states physically available. These relations are even 
simpler if the matrix elements are projected into partial waves. For two-scalar states, 
which are the ones that we will be considering here, they are defined as 

t J a p{s) = ^ £ d(cos9)T a p(s,t,u)Pj(cos9), (1) 

where 9 is the angle between the first and third three-momenta and Pj is the Jth Leg- 
endre polynomial. Let us recall that any given two body state a should carry a 1/ y/2 
normalization factor if its two particles are identical. We are using scalar fields to show 
how to obtain bounds from coupled channel unitarity, but the generalization to particles 
with spin is straightforward [9], once the partial waves have been defined in terms of 
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the total angular momentum, combining their spins and the spatial angular momentum. 
Another reason to choose scalar fields is that tree level unitarity violation occurs more 
rapidly in the Higgs-Goldstone boson sector than in other sectors of the SM. 

In particular, with these definitions, and if there is only one two-body accessible state, 
a, each partial wave t J aa satisfies the following simple unitarity relation 

lmt J aa = a a \t J aa \ 2 , (2) 

where a a is the phase space available for the state a, given by a a = 2q a /y/s and q a is the 
CM. momentum of the state a. As a matter of fact, this relation only holds from the a 
threshold up to the energy where the next state, /3, is physically accessible. Above that 
point, if P is another two-particle state, the unitarity relation for the partial waves can 
be written as 

lmt J aa = a a \t J aa \ 2 + a p \t J a p\ 2 



lmt J a p = a a t J aa {tipY + aptip (t$ p Y 

fj I -lJ 1 2 i _. I j-J 12 



ImT J =T J £T J *. (3) 



In the last step we have reexpressed the unitarity relations in a matrix form, using 

T - {tip J ' { o ^ J ' ( ) 

which allows for a straightforward generalization to the case of n accessible states. A 
similar equation holds for multi-particle states, but we will comment about them only 
at the end of the section, since both the expressions for the partial waves and the phase 
space factor are much more complicated. 

Let us recall that, by writing t J aa = \t J aa \ exp(i<5^ a ), eq.(2) implies the following bound 

<t«|£J<1 ^ I*«I<1- (5) 

Note that in the high energy limit we recover the most familiar bound since a a — > 1 very 
rapidly when s — > oo. When a finite number of states are available, the s — > oo limit 
provides also simple unitarity bounds. In particular, the strongest one comes from the 
largest T J eigenvalue, which again has to be smaller than one. This has been applied 
to study the tree level unitarity bounds, at leading order in the gauge couplings g, g', on 
the mass of the SM Higgs boson in [7]. Following that example, in the neutral channel, 
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only three states are relevant, namely, a = W£Wi , (3 = Z L Z L /Vl, 7 = HH/y/2 (HZ L 
is decoupled from the others at tree level, and by itself yields a smaller bound). In the 
scalar, J = case, it is thus easy to calculate the T J=0 eigenvalues in the s — > oo limit, 
which should all be bounded by 1: 

T>-« = ( 1/U '3/4 'l/f ) — . ^4(3/2, 1/2, 1/2) < 1, (6) 

4lr ^ I 1/V8 1/4 3/4 j ^ "•<•<>- 

As commented above, the largest one, 3/2, provides the stringent unitarity bound: < 
8ny/2/(3G F ) ~ 2.7ir\/2/G F . With this simple example it is already clear that by con- 
sidering the coupled channel unitarity relations, it is possible to find stronger unitarity 
bounds than the naive one with a single channel, Mfj < Atv^/2/Gf- 

However, the calculation of the determinant can be extremely complicated either when 
the number of relevant coupled states is rather large or also at finite s, when the matrix 
elements are functions of s instead of simple numbers. In particular, this is the case when 
we have a Higgs in the bulk since the couplings to the higher KK scalar field excitations 
are not suppressed with R, but of the same order as the usual SM Higgs couplings. As 
a consequence, the tree level scattering amplitudes between the HH, W£W£ or Z L Z L 
states, are of the same order as those considering their KK excitations. The latter states 
are suppressed by phase space, since they are heavy, but not in the s — > 00 limit where 
all of them become relevant, and we end up with an intractable determinant. 

In such a case there is an alternative method that one could use to obtain unitarity 
bounds that are somewhat weaker than those obtained from the determinant but are much 
easier to calculate, and still stronger than those from the naive single channel formalism. 
Let us go back to eq.(3) and look at the equation for the diagonal element t J aa , that we 
generalize to many accessible states a, (3, 7, ... as 

ImC = ^l*aJ 2 +£^lCl 2 > (7) 

Of course, each state (3 is not accessible below its threshold, and we define up — if 
s < sthreshoidof p- By recalling again that t J aa = \ti a \ exp(i5^ a ) it is straightforward to 
arrive to the following bound: 

Unit^a = <Ja\t J aa \ + rrn £ a P I l U 2 ^ L ( 8 ) 

\ l aa\ f3^a 
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Let us remark, that all the terms in the sum are positive, and therefore this bound is always 
stronger than the naive one, eq.(5). As a matter of fact, the sum in eq.(7) runs over all 
accessible states, but for two-body states the partial waves are very easy to calculate and 
that is why we consider them here. If one would like to include more states, the bounds 
would be even more stringent, but the calculations extremely more cumbersome. Thus, 
we will restrict ourselves to the two-body contributions to this bound, which, as we will 
see can already provide useful information. 

As an example, the bound that we obtain from the SM T matrix in the s — > oo limit 
given in eq.(6), if we choose a = W^W^ , is M 2 H < lQn^2/{hG F ) ~ 3.2iry/2/G F , much 
closer to the determinant bound than to the naive bound. Of course, the real usefulness 
of this method comes into play when the determinant is hard to calculate, as we will show 
next in the context of the SM extra dimensional extension. 



3 The 5D SM with the scalar sector in the bulk 

As a simple illustration of the use of the unitarity bounds previously derived let us consider 
a minimal 5D extension of the SM compactified on the segment S* 1 /^, of length ttR, in 
which the SU(2) L and U(l)y gauge fields and the Higgs field $ propagate in the bulk. 
The Lagrangian of the gauge Higgs sector is given by (see [2]) 

fj R dy j dx C(x, y) = fj R dyjdx{- ^B MN B MN - \F a MN F aMN + C GF (x, y) 

+ (D M <S>y(D M $)-V(<S>)}, (9) 

where M — 5; B M n, Fmn are the U(l)y and 577(2) L field strengths and a is the SU (2) 
index. The covariant derivative is defined as D M = 9m — ig^A a M r a /2 — ig' 5 B M /2- We will 
consider the following Higgs potential 

V($) = /2 2 ($t$) + (^t^) 2 . (10) 

The minimum of the potential corresponds to the constant configuration $ = (0, v/VAnR), 
where v 2 = —2-kR^ 2 /\^ = (v^Gj?) -1 . In this way, the Higgs field is expanded in the 
standard form 



+ h — iuj 



'■ J >\ 



(11) 



V V2 Vm / 
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The gauge fixing Lagrangian is 



C GF {x,y) = --[d,A^ - i 



9sV 



-hi**"-* 



d 5 B 5 + 



9 5 v u3 



2 V / M r 



5 2V2^R 

where, in order to avoid a gauge dependent mixing angle between the physical Z and the 
photon, we have chosen the same £ parameter for the A afx and fields. Let us now 
recall that the fields living in the bulk have a Fourier expansion, which is: 



x(x ' v) = vm Xm(x) + vsi S cos (i) - Y '" 

for X = A a , B^,uj a ,h, whereas for Y = A%, B 5 it is 



(12) 



v( \ I ^ . (ny 



v fl S sin (ir) y <"' (x) ' 



(13) 



After integration over the 5th dimension, the Higgs fields have the following masses: 



in 



h(0) 



2v 2 A, ml 



h(n) 



m 



Mo) 



+ n 2 /R 2 , where A = X^/(2nR). 



Similarly to the SM case in four dimensions, we define the following charged and neu- 
tral field combinations = (A l M =p iA? M )/y/2, Z M = (g 5 A 3 M - g' 5 B M ) / 1 \J ' g\ + g' 2 , 
Am = ( g'n A 3 M + g 5 B M ) / \J g 2 + g' 5 2 - After integrating out the compactified fifth di- 
mension y, the mass matrix of the gauge bosons and their KK excitations is diago- 
nal. Physically, this means that there is no mixing between any KK mode of different 



KK level. One gets m w(0) = gv/2, m w(n) = ^m 2 w{Q) +n 2 /R 2 , m z(0) = yfg 1 + g r2 v/2, 
m Z (n) = \J m z(<d) + n 2 /R 2 with g = g 5 /\ / 2nR and g' = g'^/y^nR. The photon has zero 
mass and for its associated KK states the masses are given by rriA(n) — n/R. 
In terms of the KK modes, the gauge fixing conditions become 



Cgf(x) = -7 £ 

S n=0 



where we have defined 



li 

1 

+ 2 



d » A U - ^ A\ n) 



+ 



d H Z (n) - i m Z(n)G 



Z 
(n) 



(14) 



^(0) 
G (0) 



_CJ (0)> 



G fn) 

r z 



c%W± n) + s%u;f n) ,n>l, 

C Z n Z Hn) +S%uf n) , U > 1, 



(15) 



with s% = -my(o)/my( n ), = (n/R)/mv( n ) and ^ = -^{oj 1 T i^ 2 )- Note that for 
brevity we are using the notation V = W ± , Z. 
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Once identified the pseudoscalar G^ fields that couple diagonally with the derivatives 
of the gauge boson mass eigenstates, the Equivalence Theorem [6, 7] follows as usual also 
for the Kaluza-Klein gauge fields [8] : 

T<y£ im) , V£ (B) , C^C^...T(Gj m)} G\ n)} . . .) + 0(M fc /Vi), (16) 

Mk being the biggest one of the m,v(m), m v(n)--- masses, and the = 1 + 0(g) account 
for renormalization corrections (see the last three references in [6]). In this way, whenever 
we deal with scattering amplitudes involving longitudinal gauge bosons or their KK ex- 
citations, at energies much larger than their masses, we can simply calculate using their 
corresponding pseudoscalar fields. This is the reason why we have concentrated on partial 
waves of scalar fields. 

In general, for the calculations of amplitudes we would also need the orthogonal com- 
binations 

af») = - S " W Hn) + C af n) = -si Z Hn) + uf n) , n > 1. (17) 

with masses: m 2 v = m v , ) + n 2 / R 2 . 

a (n) 

In order to obtain the tree level unitarity bounds at the lowest order in g and g', we 
do not need the ujujV couplings. Therefore, the only relevant interactions come from the 
scalar potential, eq.(10). After integrating out the fifth dimension, for our calculation 
we need to recast this potential in terms of the mass eigenstates, G and a, by means of 
ujY q x = — GY y uY n s = c% aYj —s% GYy Terms containing the fields G and a come also from 
the Vrj( n ) contributions in the covariant derivative terms, but, as already stressed, they are 
negligible at the lowest order in g and g'. In [8] we have calculated the W^^W^^ — > 
Wl(p) ( q ) scattering amplitudes and shown that the partial wave unitarity limit on the 
mass of the Higgs receives only very tiny corrections from the pure KK gauge sector. We 
want here to calculate the contribution to the tree level unitarity limit from scattering 
amplitudes involving the scalars /i( ), fy n ), o>Y n \ and the longitudinal gauge bosons which 
are related to the Goldstone bosons G^ and Gj^ via the ET. 

4 Unitarity bounds for the 5D SM with a Higgs in 
the bulk 

From the scalar potential we can then calculate the partial waves of the scattering of 
the state a = YV^^W^^ into itself as well as into (3 = Z L ^Z L ^ )/^/2, 
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^(n)^(n)/v / 2, a \ n ) a \n)l and af.aT,, whose interactions are not suppressed by any power 
of R or g and g'. Our aim is to study the effect of the new KK states on the tree level 
unitarity bounds on M H , here called m^o), at leading order in g and g'. As usual, we use 
the Equivalence Theorem [6] to calculate the amplitudes replacing the longitudinal gauge 
bosons by their associated Goldstone bosons. As it has been shown in [8] the ET also holds 
for the KK excitations of longitudinal gauge bosons, which are associated to a combination 
of the fifth component of the gauge fields plus a part from the Goldstone boson KK excita- 
tions, eq.(15). The latter is suppressed by an s% = —m V ( )(R/n)(l—m v ^R 2 / (2n 2 ) H ) 

factor. That is the reason why it is enough to consider the states previously mentioned 
and not the states made of two longitudinal gauge boson excitations or two transverse 
gauge boson components, since they are suppressed either by 0(rriy^R 2 ), g or g'. We 
give in the appendix the tree level scattering amplitudes of W^^W^ into the two body 
states f3 mentioned above, using the Equivalence Theorem. 

First of all, let us emphasize that in the s — > oo limit, the 5D SM violates tree level 
unitarity for any value of the Higgs mass. This is easily seen from eq.(8), since, for 
instance, in the s — > oo limit the amplitudes in the appendix are given by the quartic 
terms (trilinear terms are suppressed by propagators) 



ml, n ,G F y/2 



f j=o f J=o , HQ) 

L (0) L (0) L (0) L (0) L (0) L (0) (n) (n) 57T 

f J=0 f J=0 y m h(0) G F 



1,(0)^(0)^^(0)^(0)' L (0) L (0) * a (n) a (n) IQtT 

2 

J=0 + J=0 , m H0) 



f J=0 t J=0 , m h(0) G F 

W t(0) W L(0)^ h (0) h (0)' W t {0 ) W L(0)^Hn) h (n) 16tT ' 



Just by considering these states it is clear that the series on the right hand side of eq.(8) 
diverges, for any value of m/,^ . All the other states that we have not considered always 
add, so that the series indeed diverges even more rapidly. 

Of course, the s — > oo limit is not a problem if we consider the model as an effective 
theory, valid only up to some finite s. The tree level unitarity violation would then show 
the point were perturbation theory breaks, or where the higher order loop corrections 
become as large as the tree level ones and the theory becomes strongly interacting. 

Let us then illustrate the use of the unitarity bound derived in eq.(8) at finite s, in- 
cluding several KK states in the coupled channel formalism. We will give results for 
a = W / i"(o)W /7 jT(o) smce we have checked that it provides the strongest bounds (as it 
also happened in the s — > oo limit of the SM). As intermediate states we use (5 = 
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h(p)h( )/\/2, Z L (o)Zi( )/\/2, h( n )h( n )/V2, a^ n) a^ n) /\/2 and a^a^ /a/2 up to some given n. 
In order to avoid problems with the tree level propagators, which do not have widths and 
can become infinite, we consider energies much larger than the masses involved in the 
calculation. This choice also allows us to use the Equivalence Theorem as it was done 
in [7], and substitute each W^, Q y ^l(o) with its corresponding Goldstone bosons GvjU and 
Gfo)i which are, respectively, — uj^ and —uf y As it was shown in [8], in the small R limit 
we have = (1 — m v ^R 2 / (2n 2 ) + •••). Hence, up to 0{m v ^R 2 ) corrections, we can 
also replace by and af^ by cu^ . All the partial waves needed for the calculation 
can be found in the appendix. 
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Figure 1: The plots show for which value of m^o) the tree level unitarity bound in eq.(8) is 
violated. The thick dotted line stands for the SM (n = 0) results only from the ^t(o)^L{o) 
elastic scattering, eq.(5), whereas the dashed line includes also the /i(o)fyo)> Zl(o)Zl(o) coupled 
states in eq.(8). The continuous lines correspond to considering in eq.(8) the first, second, etc... 
KK excitations of the previous states. The thick continuous line shows the complete calculation 
including all the kinematically allowed states, which, for y/s = 10/ R and 20/ R, are 4 and 9 
KK levels, respectively. Note that for any m^o) there is a y^s above which tree level unitarity 
is violated. The energies have been chosen below the expected scale where the gauge coupling 
becomes non-perturbative, 30 /R [4]. 

In Figure 1 we show for what m h ^ value the unitarity bound in eq.(8) is violated 
for a given energy and compactification radius. The curves represent the tree level ap- 
proximation to the left hand side of the inequality, so that when they are larger than 
one show a violation of the unitarity bound already by considering only two-particle 
states. The thick dotted line corresponds to the analysis considering just the single 
^L(o)^L(o) ~ * ^l"(o)^l"(o) am phtude. The dashed line would be the bound including 
the other zero modes, that is, the SM result for the left hand side of eq.(8). The con- 
tinuous lines represent the change on eq.(8) if one considers the coupled unitarity bound 
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including the first KK level, the second, etc... Of course, one should consider all the KK 
states that can be produced up to the energy under consideration, and that corresponds 
to the thick continuous line. We can notice that the unitarity bound can be reduced 
drastically by considering an additional extra dimension. Note that as we have previously 
shown, for any m,h(p) there is a y/s above which tree level unitarity is violated. 
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Figure 2: The plots show the energies where the tree level calculation violates the coupled 
channel unitarity bound eq.(8). The thick dotted and dashed lines correspond to the SM bounds 
without KK excitations just for the single channel, eq.(5), or coupled channel case, eq.(8). 
Each continuous line represents the contribution of the new KK states that open as the energy 
increases. The total result considering all the accessible KK level is the thick continuous line. 



In Figure 2, we show the energy at which tree level unitarity is violated for a given 
Higgs mass m^o). Roughly speaking, this means that beyond that point perturbation 
theory is no longer valid. However, let us remark that the saturation of the unitarity 
bounds is also an indication that the model has become strongly interacting. For practical 
purposes this can be considered the case when the tree level calculation provides more 
than half of the unitarity bound. Again the thick dotted and dashed lines correspond to 
considering the SM fields in the single or coupled channel case, respectively, whereas the 
continuous lines represent the contribution to the unitarity bound of each new level of 
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KK accessible excitations at that energy. The total result, considering all accessible KK 
lavels corresponds to the thick continuous line. Note that in the upper row of figures, 
we have chosen a compactification radius R = 1/(500 GeV) and Higgs masses which are 
within the presently 90% allowed region in 5D universal extra dimensional models [3, 4]. 
The lower row, with R — 1/(3 TeV) is the typical value for models with fermions localized 
on the brane [2]. 

In Figure 3, for different values of R, we show contour plots in the y/s, m h ^ plane, of 
Unit w + w ~ w - in eq.(8). The white area represents the region where the tree 

VV L(0) VV L(0) VV L(0) VV L(0) 

level calculation violates the unitarity bound already considering two-particles states. 
Within the gray areas, the two-body amplitudes add to more than half of the unitarity 
bound, suggesting that the theory becomes strongly interacting. 

Again, we can see in the R = 1/(500 GeV) plots that the models can become strongly 
interacting within the reach of the LHC. This could be of relevance since the scale where 
the gauge coupling becomes non-perturbative in 5D universal extra dimension models 
has been estimated around 30/i? [4]. Within our approach it is not the running of the 
coupling, but the proliferation of states and the fact that the coupling is not suppressed 
when increasing the KK level, what drives the tree level unitarity violation. If higher 
orders are to modify this behavior they should be comparable to the tree level and the 
theory becomes strongly interacting. As a matter of fact, we see in Fig. 3 that the models 
can become strongly interacting much before the scale of 30/R, depending on the Higgs 
mass. For instance, by looking at Figure 3 in the R = l/(500GeV) case, the gauge 
coupling would become nonperturbative at approximately 30/R = 15 TeV, but we see 
that for rafc(o) = 500 GeV the theory violates tree level unitarity already at 5 TeV and 
becomes strong below 3 TeV. We recall once again that we are only considering two- 
particle states, but the many-particle states, since they always add in eq.(8), would even 
provide a stronger bound. 

Let us finally get a crude estimate of an energy for which the tree level calculation 
violates unitarity for a given m h ^ . It will not be as tight as the explicit calculation shown 
above but in contrast will be very easy to implement. 

First, if we consider s ^> rn,h \, we can approximate the modulus of the partial waves 
just by the constant terms in eq.(18), which correspond to the quartic couplings. That this 
is a fairly good approximation can be explicitly checked in the partial waves given in the 
appendix, since the trilinear terms are suppressed by s-channel propagators, 1/ (s — m\^) 
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Figure 3: The white areas represent the regions of the (V^j m ft(o) ) plane where the tree 
level calculation violates the unitarity bound. The gray areas represent the regions where 

in eq.(8) is larger than 0.5, and suggest a strongly interacting regime. 

0), and those including the KK 



Unit 



VV L(0) VV L(0) 



We show, the bounds obtained using only the SM fields (n 
excitations. 



12 



or m\, Q J 's factors in the logarithmic terms that appear from the angular integration of 
t and u channel propagators. The error in this approximation is 20% for y/s ~ 5m/,(o) 
and decreases very fast. Remarkably, within this approximation, the partial waves for 
KK modes are exactly a copy of the SM ones. Each new KK level that opens up adds an 
additional copy. Note that there is not any suppression in the amplitudes when increasing 
the KK level. 

Second, we have to count how many KK levels are effectively opened for a given 
energy. But for small differences, all the new particles in a KK level are characterized 
by a typical mass scale m( n ) ~ n/R > m h ( y As we have already commented, the two- 
particle phase space grows rather rapidly. In particular, it can be checked that the phase 
space a n = yjl — 4m^/s of the two-particle state of the ra-th KK level is of order one 
already at y/s > 3m( n ). Note that we are neglecting all the states that could have just 
opened at that energy but are below y/s > 3m( n ) and would have contributed positively 
to the bound. Thus, at that energy, we have the following two-particle states available: 
the usual SM ones, plus n KK copies, which as we have seen have the same amplitudes. 
For those energies, we can then approximate the sum of two-particle states in eq.(8) as 

Thus, we arrive to the following crude bound: given any value of the Higgs mass m^o) , 
for energies larger than 



r 3 



(20) 



*h(0) 

tree level unitarity is violated. This bound is only applicable for y/s > ra^oj.y We have 
checked that this formula gives a reasonably accurate bound within 10% of the complete 
calculation. Indeed, we see by comparing Fig.4.a with 3.b that the 5D results obtained 
with the estimate, eq.(20), are in good agreement with the complete tree level calculation 
eq.(8). 

5 Additional extra dimensions 

In the previous section we have obtained very strong tree level unitarity bounds when 
we added to the SM an additional tower of KK states coming from a compactified extra 
dimension. These contributions are always present when new states become available, 
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and if the couplings to these new states are not suppressed when increasing the KK level, 
they can be comparable to those of the SM fields. We have seen that for sufficiently high 
energies and just one extra dimension, the number of two-particle states grows linearly 
with y/s. However, we will see next that when considering more than one extra dimension, 
the number of states grows much faster, and the unitarity bounds become extraordinarily 
much tighter. This result is of relevance in the context of universal extra dimensions [4], 
where the problem of proton instability has been solved precisely in six dimensions [10]. 

This is particularly simple to see if we just add another dimension with the same 
compactification radius to the previous model. In such a case, instead of a generic ai( n ) 
tower of states of two particles with mass rri( n ) ~ n/R, we have ct( ni ,n 2 ) states of two 
particles with mass m( nii)l2 ) ~ \f n i + n%/R. Note that we are now writing explicitly the 
KK level, because in the models of interest there is no mixing among the modes with 
different KK numbers. 

As before we are interested in two-body states that can be produced at tree level from 
a state with two zero- level particles. In Table 1, we find the states made of two particles 
with the same KK numbers, available as the level number n > ni,n,2 increases. 



KK level 


5D 


6D 


0th 


«(0) 


«(0,0) 


1st 


a ( i) 


a (l,0)j a (0,l)> a (l,l) 


2nd 


"(2) 


"(2,0), "(0,2), 01(2,1), "(1,2), 01(2,2) 


3rd 


«(3) 


«(3,0), "(0,3), "(3,1) > "(1,3), "(2,3), "(3,2), "(3,3) 


4th 


«(4) 


9 states 








nth 


tt(n) 


2n+l states 



Table 1: States made of two particles with the same KK numbers, available as each KK 
level opens for one or two S 1 /Z 2 extra dimensions in the model of section 3. 



We see that for the 5D case we had n + 1 states at the nth level whereas for the 6D 
case we have (n + l) 2 . Note that for n > 3, when the (n, n) state is opened there can 
also be additional opened states from the n + 1 level, for instance the (n + 1, 0), which is 
lighter than (n, n). But considering only those up to n > ni,n 2 we can easily count the 
number of states and thus reobtain the crude estimate in eq.(20) changing the number of 
states available 
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As usual, we have restricted ourselves to two-body states because they are very easy to 
calculate, but all the other accessible states that we have not counted always add to the 
equation above and hence would have given an even stronger bound on the Higgs mass. 
Next, we note that the phase space of the heaviest two-particle nth- level state, which is 
made of two Oi( n ,n) fields of mass mr njn ) — V^n/R, is of order one when y/s ~ 3m( n ,n)/R 
or larger. Thus, we now expect a violation for energies above or around 

3v/2 



R 



\ 5G F m 2 m 

Hence, in this case we can consider eq.(22) more conservative than the analogous in 5D, 
eq.(20). If we had also considered opened states beyond the nth level, like (n + 1, 0), the 
unitarity bound above would even be tighter (but the counting of states would be more 
complicated) . 

The generalization to d additional dimensions is straightforward by changing (n + l) 2 
by (n+ l) d in eq.(21). Of course, the model could be more complicated and have different 
compactification radius for each dimension, in such a case, if for a given energy the KK 
states associated to the first extra dimensions are accessible up to the n\ level and those 
of the next up to n 2 , etc... we have to substitute (n + l) d by (rii + l)(n 2 + l)...(n d + 1). 




Figure 4: The white areas represent the regions of the (\/*> m /i(o)) plane where the tree level 
estimate, eqs.(20),(22), violate the unitarity bound for 5, 6 or 7 dimensions. The gray areas rep- 
resent the regions where Unito-^o- in eq.(8) is larger than 0.5, and suggest a strongly interacting 
regime. By comparing Fig. 4. a with 3.b it can be noticed that the 5D results obtained with the 
estimate are in good agreement with the complete tree level calculation. 



In Fig. 4 we show the results of using the crude estimate for the tree level unitarity 
violation, eqs.(20) and (22). For illustration we have chosen again a value of 1/R which 
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is presently allowed in the 5D and 6D universal extra dimension context. For the 7D 
results we have simply replaced (n + l) 2 by (n + l) 3 in eq.(22) as explained above. It can 
be noticed that by increasing the number of dimensions where the scalar sector lives, the 
violation of tree level unitarity can be dramatic within the LHC reach, which could be of 
considerable phenomeno logical relevance. 



6 Conclusions 

In this work we have presented a very simple method to obtain unitarity bounds at finite 
energy when a large number of states are available. These kind of bounds are very relevant 
in order to determine the energy at which perturbation theory breaks down for a given 
set of parameters of the theory. These bounds also suggest the condition under which the 
theory becomes strongly interacting. The approach relies on the well known formalism 
for coupled channel partial wave unitarity. Thus, it can be applied generically and avoids 
the calculation of large determinants of complicated functions. 

Our initial motivation to look for this kind of method are the extra dimensional ex- 
tensions of the SM, which introduce an infinite tower of Kaluza Klein states that could 
saturate the unitarity bounds much before than in the familiar four-dimensional SM. Al- 
though the bounds obtained from this formalism can be applied to particles with any 
spin, we have illustrated this effect with a SM whose scalar sector is located in the bulk. 
Incidentally this one as well as other similar models where the self-couplings of the scalar 
potential are not suppressed for higher Kaluza Klein states have received some recent 
phenomeno logical interest. 

We have indeed shown that within these models, shortly after a new KK level can be 
produced, their contribution to the unitarity bound is of the same order of that of the SM, 
thus changing the usual bounds dramatically as soon as several KK level are opened. In 
certain cases, this would imply that the model becomes strongly interacting much before 
the usual expectations, thus casting doubts about simple perturbative calculations or 
estimates. Let us finally remark the possible phenomenological interest of these bounds, 
since within some valid regions of parameter space, they could well suggest a strongly 
interacting regime within the reach of the next generation of colliders. 
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A Appendix 



To study the tree level unitarity bounds we are interested in the scattering of longitudinal 
gauge bosons W^W^ at leading order in g and g'. In the SM at tree level this 
state is also coupled to Zl^Zl(o) and ft,( )/i(o)- Using the ET, at high energies, > 
my(o) the longitudinal gauge boson amplitudes can be replaced by their corresponding 
Goldstone boson amplitudes. Using the 5D potential in eq.(10) and integrating out the 
fifth dimension as explained in the text, we find in the Landau gauge £ — > 1: 



j.J=0 

U (0) U (0) ^(0)^(0) 



-G F m^, 



o) 



2 + 



m h{0) 



m 



h(0) 



s — m 



Ho) 



h(0) 



(23) 



U {0) U {0) ^(0)^(0) 



-G F m 2 



h(0) 



16tt 



1 + 



m 



h(0) 



s — m 



h(0) 



(24) 



t J=0 

G (o) G (oy 



-G F m 2 



Ho) 



16tt 



1 + 



3 m l(o) 
s — ml 



2m h(0) 



2m h(0) 



, (25) 



«h(o) s a Ho) 

where <r$ = \Jl — 4m|/ 's and we have already included the l/y/2 factor for identical 
particles. Incidentally, they are the same as in the SM [7] . 

In addition, in 5D the longitudinal gauge bosons also couple to their KK excitations as 
well as to h(n)h(n), aj^aj"^, a^a^ n y In [8] we have already shown that the corrections to 
the SM results from the longitudinal KK gauge excitations are suppressed as 0(m^/i? 4 ) 
and can be also neglected on a first approximation. However, we need the following partial 
waves, 



,j=o 

i r + r - _.„+ _- 

^(0)^(0) ^V) V) 



-G F m 2 h{ , 



o) 



2 + 



2 

m h(0) 



m h(0) 



log 



2m 



a=t (n) 



2m l(n) 



s(l + <7 a ±( n )) 



s ~ m l(o) sa a±(n) \ Zm 2 a±(n) - 2m 2 h(n) - s(l - a a±in) ) 



l h(n) 



j.J=0 

l r+ r~ —>r, Z r, Z 



-G F m 2 



Ho) 



16tt 



1 + 



rn 



Ho) 



s — m 



HO) 



j.J=0 
G+G 



-G F m 2 



HO) 



(0)^(0) "^"WW 



16tt 



1 + 



3 m l(o) 



m 



2m H0) bg / 2m h(n) 



h(0) S a Hn) 



2m l(n) 



~ 2m a±(n) -s(l + CT h{n )] 
~ 2m l±(n) - S(l - <T h{n) ) 



Note that all these amplitudes for the aY n \ are obtained replacing oj^ n 



>) 



m 



the Higgs potential after the integration of the 5th dimension. When deriving these 
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amplitudes we have considered the leading order in c£ = (1 — m v ^R 2 /(2n 2 ) + • • •) , 
thus neglecting 0(rriy^R 2 ). In the worst case considered in our calculations m v ^R 2 ~ 
(90/500) 2 , less than a 4%. 
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